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a b s t r a c t
Let G = (V , E) be a finite, simple and non-empty (p, q)-graph of order p and size q.
An (a, d)-vertex-antimagic total labeling is a bijection f from V (G) ∪ E(G) onto the set
of consecutive integers 1, 2, . . . , p + q, such that the vertex-weights form an arithmetic
progression with the initial term a and the common difference d, where the vertex-weight
of x is the sum of values f (xy) assigned to all edges xy incident to vertex x together with
the value assigned to x itself, i.e. f (x). Such a labeling is called super if the smallest possible
labels appear on the vertices.
In this paper, wewill study the properties of such labelings and examine their existence
for disconnected graphs.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
All graphs G = (V , E) considered here are finite, simple, undirected and non-empty with vertex set V and edge set E,
where |V | = p and |E| = q. The degree of a vertex x is the number of edges incident to x, and the set of neighbors of x is
denoted by N(x).
A labeling of a graph is anymapping that sends some set of graph elements to a set of numbers (usually positive integers).
If the domain is the vertex set or the edge set, the labelings are called vertex labelings or edge labelings respectively. If the
domain is V ∪ E then we call the labeling a total labeling. For an edge labeling g : E(G) → {1, 2, . . . , q}, the associated
vertex-weight of a vertex x ∈ V (G) is
wg(x) =
∑
y∈N(x)
g(xy)
and for a total labeling f : V (G) ∪ E(G)→ {1, 2, . . . , p+ q} the associated vertex-weight of a vertex x ∈ V (G) is
wtf (x) = f (x)+
∑
y∈N(x)
f (xy).
Hartsfield and Ringel [6] introduced the concept of an antimagic graph. In their definition, an antimagic labeling is an edge
labeling of a (p, q)-graph with the integers 1, 2, . . . , q so that the vertex-weight w(x) 6= w(y) for any x 6= y. It is an easy
exercise to derive many antimagic labelings for most graphs, therefore Bodendiek and Walther introduced a restriction on
the vertex-weights. In [3] they defined the concept of an (a, d)-antimagic labeling as an edge labeling in which the vertex-
weights form an arithmetic progression starting from a and having a common difference d.
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In this paper we will focus on the (a, d)-vertex-antimagic total labelings. Such a labeling on G is a bijection f from
V (G) ∪ E(G) onto the integers 1, 2, . . . , p + q with the property that the set of vertex-weights isW = {wtf (x) : x ∈ V (G)}
= {a, a + d, . . . , a + (p − 1)d}, where a > 0 and d ≥ 0 are two fixed integers. For short, we call a vertex-antimagic total
labeling a VAT labeling. If d = 0 then the (a, 0)-VAT labeling is called vertex-magic total labeling.
The definition of (a, d)-VAT labeling was introduced by Bača et al. in [1] as a natural extension of the vertex-magic total
labeling defined by MacDougall et al. [9] (see also [14]).
An (a, d)-VAT labeling f is called super if f (V ) = {f (x), x ∈ V } = {1, 2, . . . , p}. That is, in a super-(a, d)-VAT labeling
the smallest labels are assigned to the vertices. A graph which admits a (super-) (a, d)-VAT labeling is said to be (super-)
(a, d)-VAT.
In this paper wewill study the properties of the super-(a, d)-VAT labelings and examine their existence for disconnected
graphs, namely a disjoint union ofm copies of a regular graph G.
2. Basic counting
For a super-(a, d)-VAT graph G we give an upper bound on feasible value of difference d and determine the minimal
degree of a graph G. Let∆ and δ stand for the maximal and the minimal degrees of G, respectively.
Lemma 1. If a (p, q)-graph G is super-(a, d)-VAT, then
d ≤ 1+ ∆(2p+ 2q−∆+ 1)− δ(2p+ δ + 1)
2(p− 1) .
Proof. Assume that a (p, q)-graph G has a super-(a, d)-VAT labeling f : V (G)∪ E(G)→ {1, 2, . . . , p+ q}with the set of the
vertex-weightsW = {a, a+ d, . . . , a+ (p− 1)d}. If δ is the minimal degree of G then the minimum possible vertex-weight
is at least 1+ (p+ 1)+ (p+ 2)+ · · · + (p+ δ). Thus,
a ≥ 1+ pδ + δ(δ + 1)
2
. (1)
On the other hand, if∆ is the maximal degree of G then the maximum possible vertex-weight is no more than the sum of p,
the maximal vertex label, and the∆ largest edge labels p+ q−∆+ 1, p+ q−∆+ 2, . . . , p+ q. Consequently
a+ (p− 1)d ≤ p+
∆−1∑
i=0
(p+ q− i). (2)
Combining (1) and (2) we get that
d ≤ 1+ ∆(2p+ 2q−∆+ 1)− δ(2p+ δ + 1)
2(p− 1) .  (3)
The sum of the vertex-weights over all vertices is∑
x∈V (G)
wtf (x) = ap+
pd(p− 1)
2
. (4)
On the other hand, this sum is equal to the sum of all vertex labels and all edge labels under the super-(a, d)-VAT labeling
f , where each vertex label is used once and each edge label is used twice∑
x∈V (G)
f (x)+ 2
∑
e∈E(G)
f (e) = p(p+ 1)
2
+ 2pq+ q(q+ 1). (5)
Thus from (4) and (5) we obtain
a = 1
2
(p+ 1− (p− 1)d)+ 2q+ q(q+ 1)
p
. (6)
Balbuena et al. [2] proved that the minimum degree of a super-vertex-magic total graph is at least two. It is trivial that
any disconnected graph with empty edge set is super-(a, 1)-VAT. So, for the super-(a, 1)-VAT graphs with non-empty edge
set, we prove the following:
Lemma 2. The minimum degree of a super-(a, 1)-VAT graph G with |E| ≥ 1 is at least one.
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Fig. 1. Super-(11, 1)-VAT labeling of C3 .
Fig. 2. Super-(9, 1)-VAT labeling of 3P2 .
Proof. Suppose that a graph Gwith at least one edge admits a super-(a, 1)-VAT labeling. If G has an isolated vertex then its
vertex-weight is at most p. However the label of each edge is at least p+ 1. So, the vertex-weight of any non-isolated vertex
in G is at least p+ 2. This is a contradiction, so the minimum degree is greater than zero. 
Now, let us consider a graph Gwith aminimum degree at least one. Its minimum vertex-weight is at least p+2 and from
Eq. (6) it follows that
p+ 2 ≤ 1+ 2q+ q(q+ 1)
p
. (7)
From (7) it follows that p2 − (2q− 1)p− q(q+ 1) ≤ 0, hence
1 ≤ p ≤ 2q− 1+
√
8q2 + 1
2
. (8)
Moreover, for the simple (p, q)-graph it holds that q ≤ p(p−1)2 . This implies that 0 ≤ p2 − p− 2q and it is true for
√
1+ 8q+ 1
2
≤ p. (9)
Combining inequalities (8) and (9) gives
√
1+ 8q+ 1
2
≤ p ≤ 2q− 1+
√
8q2 + 1
2
. (10)
Thus we have a bound for number of vertices for a (p, q)-graph to be super-(a, 1)-VAT.
For example, if q = 1 then (10) gives p = 2. Thus, G is an isolated edge with a trivial super-(4, 1)-VAT labeling. If q = 3
then (10) gives 3 ≤ p < 7. There exists a super-(11, 1)-VAT labeling of C3 and a super-(9, 1)-VAT labeling of disjoint union
of three isolated edges, see Figs. 1 and 2.
Lemma 3. For d ≥ 2, a super-(a, d)-VAT graph can contain isolated vertices.
Proof. Let G be a super-(a, d)-VAT (p, q)-graph with an isolated vertex x. It is clear that a ≤ wt(x) ≤ p. As d ≥ 2, from (6),
for the minimum vertex-weight a of graph Gwe have
a = 1
2
(p+ 1− (p− 1)d)+ 2q+ q(q+ 1)
p
≤ p. (11)
From (11) we get the following quadratic inequation
0 ≤ (d+ 1)p2 − (4q+ d+ 1)p− 2q(q+ 1)
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Fig. 3. Super-(2, 2)-VAT graph.
Fig. 4. Super-(2, 4)-VAT graph.
with the solution
p ≥ d+ 1+ 4q+
√
(d+ 1)(8q2 + 16q+ d+ 1)+ 16q2
2(d+ 1) . (12)
Thus we have the lower bound of order of (p, q)-graph with a super-(a, d)-VAT labeling for given values q ≥ 1 and d ≥ 2.

For example, for q = 1, d = 2 from (12) we obtain p > 2 and for q = 2, d = 4 (12) gives p > 3. Fig. 3 depicts a super-
(2, 2)-VAT labeling of a graph with two isolates and Fig. 4 shows a super-(2, 4)-VAT labeling of a graph with one isolate.
3. Super-VAT labeling ofmG
In this section we investigate the existence of a super-(a, d)-VAT labeling for a disjoint union of m copies of regular
graph G, denoted by mG. Suppose that an r-regular (p, q)-graph admits a super-(a, d)-VAT labeling. As G is r-regular then
r = ∆ = δ, q = rp2 and the inequality (3) gives the following upper bound on value of d
d ≤ 1+ r
2(p− 2)
2(p− 1) . (13)
In the following theorem, we present a relationship between a minimum vertex-weight of graph G and a minimum vertex-
weight of graphmG under a super-(a, d)-VAT labeling of G.
Theorem 1. Let m be a positive integer and aG be the minimum possible vertex-weight of a super-(a, d)-VAT r-regular (p, q)-
graph. The minimum possible vertex-weight of the graph mG is given by
amG = maG − (m− 1)(r + d+ 1)2 .
Proof. From (6), it follows that, for a super-(a, d)-VAT r-regular (p, q)-graph, the minimum possible vertex-weight is
aG = p+ 12 −
(p− 1)d
2
+ p(r
2 + 4r)+ 2r
4
.
If
amG = mp+ 12 −
(mp− 1)d
2
+ mp(r
2 + 4r)+ 2r
4
is the minimum possible vertex-weight ofmG then the following equation
amG = maG − (m− 1)(r + d+ 1)2 (14)
gives a connection between aG and amG. 
According to (14), if r and d have the same parity and m is even then the minimum possible vertex-weight of mG is not
an integer. Thus as a consequence of Theorem 1, we have the following corollary
Corollary 1. Let G be an r-regular (p, q)-graph. If r and d have the same parity and m ≥ 2 is even then there is no super-(a, d)-
VAT labeling of mG.
Gómez [5] gives the following result
Proposition 1 ([5]). Let m be a positive integer. If the graph G is an r-regular graph that admits a super-vertex-magic total
labeling and (m−1)(r+1)2 is an integer, then the graph mG has a super-vertex-magic total labeling.
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With respect to Proposition 1, we have
Theorem 2. Let m be a positive integer. If the graph G is an r-regular graph that admits a super-vertex-magic total labeling and
(m−1)(r+1)
2 is an integer, then the graph mG has a super-(a, 2)-VAT labeling.
Proof. According to Proposition 1, the graph mG admits a super-vertex-magic total labeling f : V (mG) ∪ E(mG) →
{1, 2, . . . ,mp+mq}with the constant vertex-weights a0mG. It means that there exists a vertex labeling, say fV , fV : V (mG)→{1, 2, . . . ,mp}, and an edge labeling, say fE , fE : E(mG) → {mp + 1,mp + 2, . . . ,mp + mq}, such that the vertex-
weight, associated with the labeling fE , for each vertex x ∈ V (mG) is wfE (x) = a0mG − fV (x), 1 ≤ fV (x) ≤ mp, thus
a0mG −mp ≤ wfE (x) ≤ a0mG − 1.
Consider now a new labeling g : V (mG) ∪ E(mG)→ {1, 2, . . . ,mp+mq} such that
g(x) = mp+ 1− fV (x) for x ∈ V (mG),
g(xy) = fE(xy) for xy ∈ E(mG).
Thenew labeling g induces the vertex-weightwtg(x) = wfE (x)+g(x) = a0mG+mp+1−2fV (x) for each vertex x ∈ V (mG). Thus
the set of vertex-weights induced by g is {a0mG−mp+1, a0mG−mp+3, . . . , a0mG+mp−1} and g is a super-(a0mG−mp+1, 2)-VAT
labeling ofmG. 
Immediately we obtain
Corollary 2. Let G be even regular super-(a, d)-VAT graph, d = 0, 2. Then mG is super-(b, d)-VAT if and only if m is odd.
Now, we concentrate on 2-regular graphs which admit (super-) (a, 1)-VAT labelings.
Theorem 3. Let G be a 2-regular (super-) (a, 1)-VAT graph. Then mG, m ≥ 1, also admits a (super-) (b, 1)-VAT labeling.
Proof. Let f be a (super-) (a, 1)-VAT labeling of a 2-regular graph G of order p
f : V (G) ∪ E(G) −→ {1, 2, . . . , 2p}.
Let y, z be the vertices adjacent to the vertex x. The set of vertex-weights is
{f (x)+ f (xy)+ f (xz) : x ∈ V (G)} = {a, a+ 1, . . . , a+ p− 1}.
By the symbol xiwedenote the vertex corresponding to the vertex x in the ith copy ofG inmG. Analogously, let xiyi denote
the edge corresponding to the edge xy in the ith copy of G inmG.
We define a labeling g ofmG in the following way
g(xi) = mf (x)+ 1− i for x ∈ V (G), i = 1, 2, . . . ,m,
g(xiyi) = m[f (xy)− 1] + i for xy ∈ E(G), i = 1, 2, . . . ,m.
Obviously g is a total labeling. Let yi, zi be the vertices adjacent to the vertex xi. For the vertex-weight of xi we get
g(xi)+ g(xiyi)+ g(xizi) = m[f (x)+ f (xy)+ f (xz)] − 2m+ 1+ i.
It means that for a ≤ f (x) + f (xy) + f (xz) ≤ a + p − 1 and 1 ≤ i ≤ m the vertex-weights of mG consists of consecutive
integersm(a− 2)+ 2,m(a− 2)+ 3, . . . ,m(a+ p− 2)+ 1. Thus g is a (super-) (m(a− 2)+ 2, 1)-VAT labeling ofmG. 
The following theorem was proved by Sugeng et al. in [12].
Proposition 2 ([12]). The cycle Cn has a super-(a, d)-VAT labeling if and only if either (i) d ∈ {0, 2} and n is odd, n ≥ 3,
or (ii) d = 1 and n ≥ 3.
Now we consider the super-(a, d)-VAT labeling for the disjoint union of m copies of cycle Cn. Swaminathan and
Jeyanthi [13] have proved that themCn are super-vertex-magic total if and only ifm and n are odd. The same result follows
from the work of Figueroa-Centeno, Ichishima and Muntaner-Batle [4]. The following theorem extends these results to
super-(a, d)-VAT labeling ofmCn.
Theorem 4. The graph mCn has a super-(a, d)-VAT labeling if and only if either
(i) d ∈ {0, 2} and m, n are odd, m, n ≥ 3, or
(ii) d = 1 for every m ≥ 2 and n ≥ 3.
Proof. If the disjoint union of m copies of Cn is super-(a, d)-VAT then, for r = 2 and p = mn, from (13) it follows that
d ≤ 3 − 2mn−1 . If m ≥ 2 and n ≥ 3 then 2mn−1 > 0 and thus d < 3. According to Propositions 1 and 2 and Theorem 2 we
have thatmCn admits a super-(a, d)-VAT labeling for d ∈ {0, 2}, andm, n odd.
Following Corollary 1, themCn admits no super-(a, d)-VAT labeling for d ∈ {0, 2} andm even. It remains to consider the
case where d = 1. It follows from Proposition 2 and Theorem 3 thatmCn admits a super-(a, 1)-VAT labeling for everym ≥ 2
and n ≥ 3. 
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By a k-factor of a graph we mean its k-regular spanning subgraph. In [8] Kovář presented the methods of construction of
(a, 1)-VAT labeling of regular graphs. By generalization of these results it is easy to get the following theorem
Theorem 5. Let G be a graph decomposable into two edge-disjoint spanning subgraphs G1 and G2, where G1 is a super-(a, 1)-VAT
graph and G2 is a 2k-factor of G. Then G is super-(b, 1)-VAT.
Combining the previous results we immediately obtain the following theorem
Theorem 6. Let G be an even regular graph that contains a 2-regular (super-) (a, 1)-VAT factor. Then mG is (super-) (b, 1)-VAT
for every positive integer m.
According to Theorems 4 and 5 we get
Theorem 7. Let G be an even regular Hamilton graph. Then mG is super-(a, 1)-VAT for every positive integer m.
To construct a super-(a, 1)-VAT labeling for odd regular graphs,wewillmake use of the known results on the relationship
between the (a, 1)-VAT labeling and the supermagic labeling. Note, that according to Corollary 1, if G is an odd regular graph
andmG is super-(a, 1)-VAT, thenmmust be odd.
A graph is said to be supermagic if it admits an edge labeling by pairwise different consecutive positive integers such that
the associated vertex-weights are equal to the same number λ, denoted by magic index. For regular supermagic graphs we
can always assume that the smallest edge label is 1. The concept of supermagic graphs was introduced by Stewart [11].
In [7] Ivančo proved
Proposition 3. Let G be a supermagic graph decomposable into k pairwise edge-disjoint δ-regular factors. Then the following
statements hold
(i) if k is even, then mG is supermagic for every positive integer m,
(ii) if k is odd, then mG is supermagic for every odd positive integer m.
It is known that if G is a regular supermagic graph then G is also super-(a, 1)-VAT. Thus we get
Theorem 8. Let G be a supermagic graph decomposable into k pairwise edge-disjoint δ-regular factors. Then the following
statements hold
(i) if k is even, then mG is super-(a, 1)-VAT for every positive integer m,
(ii) if k is odd, then mG is super-(a, 1)-VAT for every odd positive integer m.
Moreover, using Theorem 5, it is not difficult to show
Theorem 9. Let G be an (r + 2l)-regular graph. Let G1 be its supermagic r-regular factor that is decomposable into k pairwise
edge-disjoint δ-regular factors. Then the following statements hold
(i) if k is even, then mG is super-(a, 1)-VAT for every positive integer m,
(ii) if k is odd, then mG is super-(a, 1)-VAT for every odd positive integer m.
The Möbius ladder Mn, where 6 ≤ n ≡ 0(mod 2), is the 3-regular graph consisting of a cycle on n vertices in which all
pairs of opposite vertices are joined by an edge. Sedláček [10] proved the following result.
Proposition 4. Let n ≥ 6 be an even integer. The Möbius ladder Mn is supermagic if and only if n ≡ 2(mod 4).
Thus we get the following result for the odd regular graphs
Corollary 3. Let G be an odd regular graph with a spanning subgraph isomorphic to the Möbius ladder. Then mG is super-(a, 1)-
VAT if and only if m is odd.
Proof. Let G be an odd regular graph decomposable into two edge-disjoint factors G1 and G2. Let G1 be isomorphic to the
Möbius ladder. Evidently G2 is an even regular factor. As Möbius ladder is decomposable into three edge-disjoint 1-factors
then according to Proposition 4 and Theorem 9 and Corollary 1mG is super-(a, 1)-VAT if and only ifm is odd. 
Similarly, if G is an odd regular graph with a spanning subgraph isomorphic to kMn, 6 ≤ n ≡ 2(mod 4), k ≡ 1(mod 2),
then form odd, the graphmG admits a super-(a, 1)-VAT labeling. We can obtain analogous results also for other families of
odd regular graphs containing a spanning subgraph with the desired properties.
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